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Introduction
Let M be a symplectic manifold of dimension 2n. Let L be a manifold of dimension n. We can ask the following question:
Does L admit a Lagrangian embedding into a given symplectic manifold M ? Also, we have the following natural question:
What invariants can distinguish different Lagrangian embeddings up to Lagrangian (Hamiltonian) isotopy?
The simplest invariant of an immersed Lagrangian submanifold L ⊂ C n is a nonnegative integer N L which is the generator of the subgroup µ(H 1 (L, Z)) ⊂ Z, where µ ∈ H 1 (L, Z) is the Maslov class. Let us note that if L is orientable, then µ(γ) is even for any γ ∈ H 1 (L, Z). From [25] (see also [21] ) we know that for any embedded Lagrangian torus T n ⊂ C n there exists a loop γ on T n such that µ(γ) ∈ [2, n + 1]. We obtain that N L = 2 for all embedded Lagrangian tori T 2 ⊂ C 2 . It turns out (see [3] ) that any even cohomology class µ ∈ H 1 (T n , Z) is the Maslov class of a Lagrange immersion of the torus regularly homotopic to an embedding. So, if µ(H 1 (T n , Z)) ⊂ dZ, where d > n + 1, then there is no Lagrangian embedding of the torus with Maslov class µ. We get that an immersed torus can be regularly homotopic to an embedded torus but it can not be homotopic through Lagrangians because Lagrangian homotopy preserves the Maslov class.
In [22] Polterovich constructed many new examples of Lagrangian submanifolds starting from Lagrangian immersions and replacing neighborhoods of the double points by 1-handles. Put P n = S n−1 × S 1 . By Q n denote a manifold which is obtained from S n−1 × [−1, 1] by gluing points (x,-1) and (σ(x), 1), where σ is a orientation reversing involution. Let L 1 and L 2 be closed connected manifolds admitting Lagrangian embeddings into C n . Then, L 1 #L 2 #Q n admits a Lagrangian embedding into C n . Moreover, L 1 #L 2 #P n admits a Lagrangian embedding into C n if n is odd. Lagrangian Floer theory is a cohomology theory whose differential counts pseudoholomorphic disks in a symplectic manifold with Lagrangian boundary conditions. The developement of Floer homology techniques led to an intensive study of a special class of Lagrangian submanifolds called monotone. People also study Floer theory of immersed Lagrangians (see [2] ). We can ask the following natural question:
Assume that L ⊂ C n is an embedded closed Lagrangian. Does L also admit a monotone Lagrangian embedding into C n ?
Theorem 0.1 ([18] ). For any compact monotone Lagrangian embedding L ⊂ C n we have 1 N L n.
Denote by L the universal cover of L. The following Theorem proved by Damian says more about monotone Lagrangians (see [9] ). Let L ⊂ C n be a monotone embedded Lagrangian submanifold. If L is aspherical and orientable, then N L = 2. If L is aspherical and is not orientable, then N L ∈ {1, 2}. If L is orientable and has the property H 2i+1 ( L, Z/2) = 0 for any integer i, then N L = 2.
We construct new monotone spherical submanifolds in Examples 3,4, and 6 of Section 4.
Theorem of Polterovich says that we can find many manifolds admitting Lagrangian embedding. But unfortunately not all of them can be embedded as a monotone Lagrangian submanifold (see [10] ).
If we suppose that L ∈ C 3 is a closed prime 3-dimensional orientable monotone embedded Lagrangian, then L is diffeomorphic to S g × S 1 , where S g is a surface of genus g. The proof can be found in [13] or [10] . In this paper we construct similar monotone submanifolds embedded into C 5 and C 6 (see Examples 3 and 5 of section 4). It is easy to see that if L ⊂ C 2 is closed orientable embedded Lagrangian, then L is a torus. It turns out that all embedded tori in C 2 are isotopic through Lagrangians (see [11] ). Auroux in [4] constructed infinitely many Lagrangian monotone tori in C 3 which are not Hamiltonian isotopic to each other.
In high-dimensional symplectic vector spaces there exist monotone Lagrangian tori which are not smoothly isotopic (see [12] ).
In this paper we construct new examples of monotone Lagrangian submanifolds of C n . Our constructed monotone submanifolds are the total space of a bundle over some k-dimensional torus with fibre R, where R is diffeomor-
. Let us note that up to now only few examples of monotone submanifolds were constructed explicitly. In addition, we show that some of our embeddings are smoothly isotopic but they are not isotopic through Lagrangians.
In Section 1 we give basic definitions and discuss some required theorems. In section 2 we introduce a method for constructing Lagrangian submanifolds. In Section 3 we give some methods to study the topology of constructed Lagrangians. In Section 4 we construct new examples of monotone Lagrangian submanifolds of C n . 
Basic definitions
The notion of H-minimality was introduced by Oh [19] .
Let H be the mean curvature vector of L ⊂ C n with respect to the induced metric, where L is a Lagrangian submanifold. By ω H denote the 1-form ω(H, ·)| T L . It is known that dω H = 0 (see [19] ). Let δ be the Hodgedual of the exterior derivative d on L with respect to the induced metric, i.e. δ = − * d * .
Lemma 1.1(see [19] ). An immersed Lagrangian L ⊂ C n is H-minimal if and only if δω H = 0.
We know that
Assume that α ∈ H 1 (L, Z). Then we define
Definition. The homomorphism λ : H 1 (L, Z) → R is called the symplectic area class.
We are not giving the general definition of the Maslov class. Instead we define the Maslov class in the following way Definition(see [7] for details). The Maslov class µ is given by
Let us give three definitions: 
So, if Lagrangian submanofolds L 1 , L 2 are Lagrangian isotopic, then they are smoothly isotopic. If L 1 , L 2 are Hamiltonian isotopic, then they are Lagrangian isotopic.
In paper [15] Haefliger and Hirsch classified smooth embeddings of compact n-manifolds into C n up to smooth isotopy. Theorem 1.2 (see [15] ) Let L be a closed, oriented, connected n-manifold and suppose that f : L → C n is an embedding, where n 5. The isotopy classes of smooth embeddings are in bijection with the elements of
Mironov in [16] found a very interesting method for constructing H-minimal Lagrangian submanifolds in C n . It turns out that the topology of constructed submanifolds can be highly complicated. But methods of toric topology give us a technique to study our submanifolds. We discuss toric topology in section 3. Let us briefly explain Mironov's method.
Let R be a k-dimensional submanifold in R n defined by the following system of equations
where δ j ∈ R, γ ij ∈ Z. Since dimR = k, we can assume that the equations above are linearly independent and the integer vectors
are linearly independent. Let Γ be the matrix with columns γ j , j = 1, ..., n. So, vectors (2) form a lattice Λ in R n−k of maximum rank. The dual lattice Λ * is defined by
where (λ * , λ) is the standard Euclidian product on R n−k . Let D Γ be the following group
where
Let γ ∈ D Γ be a nontrivial element. We see that if (u 1 , ..., u n ) ∈ R, then (u 1 cos π(γ, γ 1 ), .., u n cos π(γ, γ n )) ∈ R because cos π(γ, γ i ) = ±1. We get that ψ(u 1 , ..., u n , ϕ) = ψ(u 1 cos π(γ, γ 1 ), .., u n cos π(γ, γ n ), ϕ + γ).
Let us consider the quotient of
The action of D Γ is free, since it is free on the second factor. Hence, N is a smooth n-manifold. So, we have a well-defined map
Let us define an (n − k)-dimensional vector
Theorem 2.1 (Mironov [16] ). The map ψ is an immersion and the image is H-minimal Lagrangian. Moreover,
where ϕ i are coordinates on the torus as in (3) . If e = 0, then the immersion ψ is minimal.
Remark. In fact, Mironov found the Lagrangian angle and proved that the constructed submanifolds are H-miimal. But to simplify our paper we are not giving the definition of the Lagrangian angle. Let us note that dβ = 1 π ω H (see [26] ), where β is the Lagrangian angle.
This theorem was proved by Mironov in 2003. All details of the proof can be found in [16] . Also, another point of view can be found in [8] .
It was discussed in section 1 that 1 π ω H is equal to the Maslov class (see [7] for other definitions).
Example. Let us consider the quadric
We can cut S 1 into two halves and assume that each part is a segment [0, 1]. So, N is obtained from the cylinder S 2n−1 × [0, 1] by identification of points on the boundary, i.e. (y, 0) ∼ (ε(y), 1). It is easy to see that if γ 1 is odd, then ε preserves the orientation. If γ 1 is even, then ε doesn't preserve the orientation. We obtain that
where K 2n is the generalized Klein bottle. We have that
Let us note that D Γ acts freely on T Γ . Therefore, the projection
onto the second factor is a fibre bundle with fibre R over (n − k)-dimensional torus T Γ /D Γ = T n−k . Let us denote by Z < γ 1 , ...., γ n > the set of integer linear combinations. Put δ = (δ 1 , ..., δ n−k ), where δ i are numbers from (1). For any u = (u 1 , ..., u n ) ∈ R we have a sublattice What can we say about the topology of N ? In fact, the topology of N can be highly complicated. In section 3 we use methods of toric topology to study N .
Toric topology and intersection of quadrics
In this section we discuss toric topology and its applications. For more details we refer our reader to paper of Panov [20] (chapters 2,3,12). Much more details can be found in book [6] .
A convex polyhedron P is an intersection of finitely many halfspaces in R k . Bounded polyhedra are called polytopes. Polytopes also can be defined as the convex hull conv(v 1 , ..., v q ) of finite set of points v 1 , ..., v q ∈ R k . A supporting hyperplane of P is a hyperplane H which has common points with P and for which the polyhedron is contained in one of the two closed half-spaces determined by H. The intersection P ∩ H with a supporting hyperplane is called a face of the polyhedron. Zero-dimensional faces are called vertices, one-dimensional faces are called edges, and faces of codimension one are called facets.
Consider a system of n linear inequalities defining a convex polyhedron in
where < ·, · > is the standard scalar product on R k , a i ∈ R k , and
T and by A the k × n matrix whose columns are the vectors a i . Then, our polyhedron can be written in the following form:
Definition. We say that (8) is simple if exactly k facets meet at each vertex. We say that (8) is generic if for any x ∈ P the normal vectors a i of the hyperplanes containing x are linearly independent.
If (8) is generic, then P is k-dimensional. Assume that the vectors a 1 , ..., a n span R k . By definition, we put
Then, the image
where Γ is (n − k) × n-matrix whose rows form a basis of linear relations between the vectors a i . The set of columns γ 1 , ..., γ n of Γ is called a Gale dual configuration of a 1 , ..., a n . Each of the matrices A and Γ determines the other uniquely up to multiplication by an invertible matrix from the left. We have
Let us describe the correspondence between the intersection of quadrics and polyhedra. Replacing u i by u 2 i in (10) we get (n − k) quadrics which define a subset in R n . Now assume that we have
The coefficients of the quadrics define (n − k) × n matrix Γ = (γ jk ). The group Z n 2 acts on R Γ,d by
The quotient R Γ,d /Z n 2 can be identified with the set of nonnegative solutions of the system  
And we get the same system as in (10) and (11) . Solving the homogeneous version of the system above we get the matrix A. So, rows of matrix Γ form a basis of linear relations between the vectors a i . Then, we can construct a polytope (8) , where b = (b 1 , ..., b n ) is an arbitrary solution of the linear system above. We obtain that a polyhedron defines an intersection of quadrics and an intersection of quadrics defines a polyhedron.
It may happen that some of the inequalities can be removed from the presentation without changing P A,b . Such inequalities are called redundant. A presentation without redundant inequalities is called irredundant. 
1) Assume that we have a polyhedron defined by
where a 1 , ..., a n span R k . And
is the corresponding intersection of quadrics. Then columns of the system γ 1 , ..., γ n span R n−k . The intersection of quadrics is defined uniquely up to a linear isomorphism of R n−k , and R Γ,δ defines P A,b uniquely up to an isomorphism of R k . Also, Γb = δ.
2) The intersection of quadrics R Γ,δ is nonempty and nondegenerate if and only if the presentation P A,b is generic.
3) Assume that we have two polytopes P A,b , P A ,b and corresponding intersection of quadrics R Γ,δ , R Γ,δ . If P A ,b is obtained from P A,b by adding m redundant inequalities, then R Γ ,δ is homeomorphic to a product of R Γ,δ and Z m 2 , i.e. R Γ ,δ is disjoint union of 2 m copies of R Γ,δ .
Definition. Let us assume that Z < a 1 , ...., a n > defines a lattice. Polyhedron P is called Delzant if it is simple and for any vertex x ∈ P the vectors a i normal to the k facets meeting at x form a basis of the lattice Z < a 1 , ...., a n >.
In the previous section we constructed the map ψ : In the case of three quadrics, the topology of R was fully described in [24] . Assume that we have
where a i , b i ∈ R. Suppose that the system above is regular, i.e. defines a smooth manifold R. It turns out that the system is regular if 0 ∈ R 2 is not in a convex combination of any two of the λ i = (a i , b i ). When we move the points λ i around R 2 without breaking the regularity condition, then we don't change diffeo type of R. We can join together as many λ i as possible in single points with multiplicity, then push them radially until they are in the unit circle. Then we can distribute them along the circle. Suppose that after our deformation we have 2l + 1 points ρ 1 , ..., ρ 2l+1 , where ρ j = e 2jπ 2l+1 , i.e. vectors ρ 1 , ..., ρ 2l+1 form (2l+1)th roots of unity. Vectors ρ j comes with multiplicity n j (number of joined vectors λ i ), where n j > 0 and n = n 1 + ... + n 2l+1 .
We get that the topology of R is described by numbers n 1 , ..., n 2l+1 . Denote
where j in n j is reduced modulo 2l + 1 if j > 2l + 1.
Theorem 3.4(see [24] for more general result) Let R be the variety corresponding to n = n 1 + n 2 + ... + n 2l+1 . Then, 1) if l = 1, then R is diffeomorphic to the product
Let us define the following topological operation. Assume that M is a manifold without boundary and by M −1 denote M minus an open ball. Then we define
where D 2 is 2-disk. The operation GM was defined by Gonzalez Acuna in [1] . It is easy to see that
Let P be an n-polytope and H be a hyperplane that does not contain any vertex of P . Then the intersections P ∩ {H 0}, P ∩ {H 0} are simple polytopes. If H separates a vertex v from the other vertices of P and v ⊂ {H 0}, then we say that the polytope P ∩ {H 0} is obtained from P by a vertex truncation. Let us denote by P v and R v polytope obtained by vertex truncation and corresponding system of quadrics respectively.
To obtain the polytope P v we need to add a new inequality defined by a normal vector a n+1 and a number b n+1 . This means that as in (9) we have the map
T and associated intersection of quadrics R v has one more equation and one more variable. Assume that R is intersection of quadrics (1) in R n , then define R as an intersection of
. In other words we duplicate variable u n and its coefficient. By R v denote a system of quadrics obtained by duplicating new variable in R v . In paper [14] the author studied the difference between R, R v , and R v .
Theorem 3.6([14
, where #lM is connected sum of M with itself l times.
Also, let us mention the following theorem: Theorem 3.7 says that R v is not simply connected since new hyperplane doesn't intersect all other facets. Also, we can obtain that R v is not simplyconnected from Theorem 3.6.
Examples of monotone Lagrangian submanifolds
In this section we construct new examples of monotone Lagrangian submaniflds of C n . We consider 6 examples. In example 1 we construct monotone embeddings of N into C n with different minimal Maslov number, where N is the total space of a fibre bundle over T 2 with fibre S p−1 × S n−p−1 . In example 2 we construct monotone embeddings with different minimal Maslov number of the total space over T 3 with fiber S k × S p × S q . In example 3 we construct monotone embedding of the total space over T 3 with fiber a surface of genus 5. In example 4 we construct monotone embeddings of N with different minimal Maslov number, where N is the total space of a fibre bundle over T 3 with fibre 5#(S 2p−1 × S n−2p−2 ). In example 5 we construct monotone embedding of the total space over T 4 with fiber an oriented surface of genus 17. In example 6 we construct monotone immersions of N with different minimal Maslov number, where N is the total space of a fibre bundle over T 3 with fiber a surface of genus 5.
We consider C n = R 2n with the standard symplectic form
The Liouville form is given by
From (5) we have
where ϕ = (ϕ 1 , ..., ϕ n−k ). Direct calculations show
We see from (4) that the forms dϕ 1 , ..., dϕ n−k are closed invariant forms, therefore they are elements of H 1 (N , R). The lattice of the torus T Γ /D Γ = T n−k is formed by generators of Λ * . Let ε 1 , ..., ε n−k be a basis of Λ * . Cycles e i = sε i are elements of H 1 (N , Z), where s ∈ [0, 2] and u 2 j = const for all j (see formula (4)). By ε ip denote the pth coordinate of ε i .
Also, u 2 j is well-defined function on R and formula for ψ * λ implies that ψ * λ(σ) = 0, where σ ∈ H 1 (N , R) for which ϕ 1 = ... = ϕ n−k = const.
Finally, let us construct monotone Lagrangian submanifolds.
Example 1. Let us consider the system of quadrics
Let us consider vectors
The Lattice Λ is generated by vectors γ 2 , γ 3 . The lattice Λ * is generated by
Direct calculations show that < ε 2 , γ 1 >= 1, < ε 2 , γ 2 >= 1, < ε 2 , γ 3 >= 0, < ε 3 , γ 1 >= 1, < ε 3 , γ 2 >= 0, < ε 3 , γ 3 >= 1.
The intersection of our quadrics is diffeomorphic to
If vectors γ 2 and γ 3 are linearly independent, then Λ u = Λ for any u ∈ R. Hence ψ(N ) ⊂ C n is an embedded submanifold. Let us denote the manifold N corresponding to (14) by N (k, p, n) . We obtain
The group D Γ acts freely on (S 1 × S 1 ), therefore we have the fibre bundle
with fibre S p−1 × S n−p−1 .
1)
Assume that p, n, and k are even numbers.
Easy to see that
belongs to R for all φ. Also, the expression above defines the isotopy between ε 2 | f iber and identity map. In the same way we can get an isotopy between ε 3 | f iber and identity map. Hence our fiber bundle is trivial. Finally, we have that
where k, p, n are even numbers.
2). Assume that k, p, n are odd numbers. We see that
(here we restrict the action on R). Hence involutions ε 2 , ε 3 preserve the orientation of the normal bundle. But our involutions change the orientation of R n . Thus they change the orientation of R. So, when we move along a cycle on the torus T 2 , the orientation of R changes. This means that our fibre bundle is not orientable. As in the previous case (−u 1 , −u 2 cos φ − u 3 sin φ, u 2 sin φ − u 3 cos φ, ..., −u k−1 cos φ − u k sin φ, u k−1 sin φ − u k cos φ, −u k+1 cos φ − u k+2 sin φ, u k+1 sin φ − u k+2 cos φ, ...,
defines isotopy between ε 2 | f iber and (u 1 , ..., u k , u k+1 , ..., u p , u p+1 , ..., u n ) −→ (−u 1 , u 2 , ..., u k , u k+1 , ..., u p−1 , u p , u p+1 , ..., u n ) .
We get that for a fixed p, n fibrations N (k, p, n) are isomorphic for all k p − 1.
3) Assume that n, p are even and k is odd. Arguing as before we can prove that ε 3 changes the orientation. Hence the fibre bundle is not orientable. Also, ε 2 is isotopic to identity and ε 3 is isotopic to (15) . Hence fibrations N (k, p, n) are isomorphic for fixed even numbers p, n and all odd k.
Let us find the Maslov class and the symplectic area form. Assume that p 3 and n − p 3, then fibres are simply connected and we get that H 1 (N (k, p, n), Z) = Z ⊕ Z. Cycles e 2 = sε 2 = 2σ 2 , e 3 = sε 3 = 2σ 2 , where σ 1 , σ 2 is basis for H 1 (N (k, p, n), Z), s ∈ [0, 2], and u 2 j = const for all j. From Theorem 2.1 and formula (13) we have
Let us consider embeddings
, where m 3. Calculations above show that
So, for each n 5 we get 2 embeddings of S 3 × S 2n−5 × T 2 into C 2n as a monotone Lagrangian submanifolds with different minimal Maslov number. This implies that our embeddings are not isotopic through Lagrangians.
Assume that L 2k,2r = ψ(N (2k, 8, 8m + 2r + 4)) = ψ(S 7 × S 8m+2r−5 × T 2 ), where m 2, 0 r 4. Then
So, we obtain that for each n 9 we have 3 monotone embeddings of S 7 × S 2n−9 ×T 2 into C 2n . These embeddings are not isotopic through Lagrangians. Let us consider L 2k = ψ(N (2k, 24, 24m + 4)), where m 2. We see that
Arguing in the same way, we obtain that for each n 25 there are 6 monotone Lagrangian embeddings of N = S 23 × S 2n−25 × T 2 into C 2n with different minimal Maslov number. But Theorem 1.2 says that we can not have more than 4 smoothly not isotopic embeddings of
Hence at least two of our embeddings are smoothly isotopic but they are not Lagrangian isotopic.
We can get much more examples in higher dimensions.
Let us consider non orientable submanifolds. Assume that L 2k+1 = ψ(N (2k + 1, 5, 5m + 2)), where m 2 and is odd. then
We have 2 monotone embeddings with non equal minimal Maslov number. Our manifold is a fibration over T 2 with fibre
We get 6 embeddings of N with different minimal Maslov number.
Example 2. Let R be defined by
The lattice Λ is generated by γ 2 = (1, 0, 0), γ 3 = (0, 1, 0), and γ 4 = (0, 0, 1). And let us note that under our conditions Λ u = Λ for all u ∈ R. Hence by Lemma 2.2 the submanifold ψ(N ) is embedded. By f 1 , f 2 , f 3 denote the first, second, and the third equations of our system. Then system (16) is equivalent to
and we have
We want to use Theorem 3.4 to study the topology of R. Let us use the same notations as in Theorem 3.4
We assumed that p − l > n − p + k − q and k − l − q < 0, hence without breaking the regularity condition we can deform vectors λ 2 , λ 3 , λ 5 to (0, 1) and vectors λ 4 , λ 1 to (1, −1), (−2, −1) respectively. Theorem 3.4 says that
From (16) we see that the lattice Λ * is generated by ε 1 = (1, 0, 0), ε 2 = (0, 1, 0), ε 3 = (0, 0, 1). Under our conditions R is simply connected, therefore
. From Theorem 2.1 and (13) we find the Maslov class and the symplectic area form
So, we get that ψ(N ) is monotone embedded Lagrangian (and H-minimal). Involutions ε 1 , ε 2 , ε 3 act on R by
.., u q , u q+1 , ..., u l , u l+1 , ..., u k , u k+1 , ..., u p , u p+1 , ..., u n ) = (−u 1 , ..., −u q , u q+1 , ..., u l , u l+1 , ..., u k , −u k+1 , ..., −u p , u p+1 , ..., u n ).
1)
Assume that q, l, k, p, n are even numbers.
As in the previous example we can prove that our involutions are isotopic to identity. Hence the fibre bundle N → T 3 with fibre R is trivial. By  N (q, l, k, p, n) denote
Note that topology is independent of l but the Maslov class depends on l. Therefore varying l we can construct monotone Lagrangian embedded submanifolds which are not isotopic through Lagrangians. Let us consider some examples. Let
We have that L is embedded monotone H-minimal Lagrangian with minimal Maslov number N L = 2. Let us consider some high dimensional examples. Assume that
where m 4, and 24 < 2l < 24m − 48. Direct calculations show that we have submanifolds with the following minimal Maslov numbers
We also can construct smoothly isotopic submanifolds which are not Lagrangian isotopic. Let
where m 4, 96 < 2l < 96m − 192. Then minimal Maslov number is given by
Theorem 1.2 says that we can not have more than 8 smoothly not isotopic embeddings of N (24, 2l, 120, 96m, , 96m + 96). But we constructed 10 embeddings with different Maslov number. And Theorem 1.2 says that we have at least two smoothly isotopic embeddings but they are not isotopic through Lagrangians.
In the same way we can construct many other examples.
2) Assume that n, p, k, l, q are odd numbers. Then we get nonorientable fibre bundle. Arguing as in the previous example we can prove that when we fix n, p, k, q, then the fibre bundles are isotopic for all l. In the same way we can construct monotone embeddings with different minimal Maslov number.
Example 3. Let us consider a pentagon P in R 2 defined by inequalities
We have a We have that the lattice Λ = Z 3 is generated by
And dual lattice Λ * is generated by
The group D Γ acts on S 5 by
We obtain a fibre bundle
with fibre S 5 . Arguing as in example 1 we get that the fibre bundle is not orientable. Cycles e i = sε i = 2σ i , where σ i are generators for
So, we have monotone H-minimal embedded Lagrangian if and only if c = 3.
When c = 2, 4 we get singular submanifold. When c > 4, then the last inequality is redundant and R is disjoint union of two tori (see Theorem 3.1). When 0 < c < 2 we have 2 redundant inequalities and we have that R is disjoint union of 4 spheres. Example 4. Let us develop the ideas of example 3 and consider the following system
0 q p − 1, p 2 (17) As in example 3 the map ψ defines an embedding (see Lemma 2.2). By simple manipulations and changes of coordinates we get
We get that N (q, p) is a fibre bundle over T 3 with fibre R.
1)
Assume that p, q are even numbers. Arguing as in example 1 we can prove the fibre bundle is trivial and
We see that the topology of N (q, p) is independent of q but we will prove that the Maslov class of ψ(N (q, p)) depends on q. Therefore we can construct submanifolds which are not Lagrangian isotopic.
From (17) we see that the dual lattice Λ * is generated by
Assume that e i = sε i = 2σ i , where σ i are generators for
. From (13) we have that
Hence we have monotone Lagrangian embeddings.
So, we have 5 embeddings with different Maslov number.
From computations above and Theorem 1.2 we obtain smoothly isotopic submanifolds which are not Lagrangian isotopic.
2) If p, q are odd, then the fibration is not orientable. Playing with numbers p, q we can construct submanifolds with different minimal Maslov number. And dual the lattice Λ * is generated by We get a fiber bundle
with fibre S 17 . Arguing as in previous examples we see that our fibre bundle is not orientable. Constructed 6-gon is Delzant, therefore ψ defines an embedding (see Theorem 3.2) of N into C 6 . As in the previous examples we have µ(σ 1 ) = 2, µ(σ 2 ) = 2, µ(σ 3 ) = 3, µ(σ 4 ) = 1 ψ * (λ)(σ 1 ) = π, ψ * (λ)(σ 2 ) = π, ψ * (λ)(σ 3 ) = πc 1 2 , ψ * (λ)(σ 4 ) = πc 2 2 , ψ * (λ)(σ) = 0, f or all other σ ∈ H 1 (N , Z) where e i = sε i = 2σ i , σ i are generators for H 1 (T 4 , R), s ∈ [0, 2], i = 1, 2, 3, 4. It is interesting to note that when c 1 is greater than 4 we have one redundant inequality and R is a disjoint union of 2 copies of orientable surfaces of genus 5. If c 1 = 4, then R is singular.
So, we have monotone embedded Lagrangian submanifold of C 6 when c 1 = 3 and c 2 = 1. In this example we get a fibre bundle N −→ T 3 , where the fibre is an oriented surface of genus 5. Arguing as before we can prove that if α is even, then the fibre bundle is orientable. If α is odd, then the fiber bundle is not orientable. Let us note that our pentagon is not Delzant. Hence ψ doesn't define an embedding but defines an immersion. Note that L = ψ(N ) ⊂ C 5 is an immersed monotone submanifold and
Let us note, that the fiber bundle is not trivial.
Finally, we get monotone immersions of N into C 5 which are not homotopic through Lagrangians.
Actually, it is easy to construct (not monotone) embedded Lagrangian submanifolds. Assume that we have a Delzant polygon in R 2 . Suppose that two edges of polytope P with normal vectors a 1 , a 2 meet at vertex v. Consider a line H with normal vector a = a 1 ± a 2 such that H(v) < 0 and H(q) > 0 for all vertices q = v. Then P v = P ∩ {H > 0} is Delzant. Using Theorem 3.6 we can describe the topology of R v and R v . The same method works with Delzant polytopes in R n .
